Abstract. In this article the generic torus orbit closure in a flag Bott manifold is shown to be a non-singular toric variety, and its fan structure is explicitly calculated.
Introduction
On the full flag manifold F ℓ(C n+1 ) there is an effective action of complex torus (C * ) n . The generic torus orbit closure, which is the closure of a generic (C * ) n -orbit, in the full flag manifold is well-known to be a non-singular toric variety, called the permutohedral variety. The fan of the permutohedral variety consists of Weyl chambers of a Lie group of A n -type as its maximal cones. Note that the closure of an arbitrary (C * ) n -orbit is known to be normal hence a toric variety, see [CK00, Proposition 4.8], but non-singularity of it is not determined in general.
Generic torus orbit closures in a generalized flag manifold G/P are studied in [FH91] and [Dab96] , and arbitrary orbit closures in Grassmannian manifolds are studied in [GGMS87] , [GS87] , [BT18] . Furthermore generic torus orbit closures in Schubert varieties are studied in [LM18] .
In [KLSS17] , the notion of flag Bott manifold is introduced as a generalization of both full flag manifolds and Bott manifolds. In fact, a flag Bott manifold F m is the total space of an m-sequence of iterated fiber bundles whose fibers are full flag manifolds F ℓ(C nj +1 ) for j = 1, . . . , m, and there is an effective action of complex torus H of rank n = n 1 + · · · + n m . Therefore, it would be interesting to know when a torus orbit closure of F m is a non-singular toric variety and to determine its fan structure.
Certain flag Bott manifolds are constructed from generalized Bott manifolds B m , and such manifolds are called the associated flag Bott manifolds to B m . It is shown in [KLSS17] that the generic torus orbit closure in the associated flag Bott manifold to B m is a non-singular toric variety, and such toric variety can be obtained from B m through a sequence of blow-ups.
In this article, we consider the generic torus orbit closure X of an arbitrary flag Bott manifold F m . The toric variety X is the total space of an m-sequence of iterated fiber bundles with permutohedral varieties as its fibers. We calculate the fan of X in Theorem 3.2. As a consequence we can see that X is a non-singular toric variety, see Proposition 3.5.
Flag Bott Manifolds
In this section we recall flag Bott manifolds from [KLSS17] and consider their orbit space construction. Let M be a complex manifold and E an n-dimensional holomorphic vector bundle over M . Recall from [BT82, p. 282 ] that the associated flag bundle F ℓ(E) → M is obtained from E by replacing each fiber E p by the full flag manifold F ℓ(E p ).
is a holomorphic line bundle over F j−1 for each 1 ≤ k ≤ n j + 1 and 1 ≤ j ≤ m. We call F j the j-stage flag Bott manifold of the flag Bott tower.
The full flag manifold F ℓ(C n+1 ) =: F ℓ(n + 1) is a flag Bott manifold, and the product of flag manifolds F ℓ(n 1 + 1) × · · · × F ℓ(n m + 1) is a flag Bott manifold. Also an m-stage Bott manifold, which is a smooth projective toric variety, is an m-stage flag Bott manifold, see [GK94] .
We call two flag Bott towers F • and F
′
• are isomorphic if there is a collection of holomorphic diffeomorphisms ϕ j : F j → F ′ j which commute with the projections p j : F j → F j−1 and p
Suppose that F • is an m-stage flag Bott tower. To describe the orbit space construction of a flag Bott manifold, we first define the right action Φ j . Suppose that B GL(n) is the set of upper triangular matrices in GL(n) := GL(n, C) for n ∈ Z >0 . Also let H GL(n) be the set of diagonal matrices in GL(n). For positive integers n and n ′ , let A be an integer matrix of size (n + 1) × (n ′ + 1) whose row vectors are a 1 , . . . , a n+1 ∈ Z n ′ +1 , i.e.,
Since the character group χ(
Here h = diag(h 1 , . . . , h n ′ +1 ) is an element of H GL(n ′ +1) and h a := h
for a = (a(1), . . . , a(n ′ + 1)) ∈ Z n ′ +1 . By composing the canonical projection Υ : B GL(n ′ +1) → H GL(n ′ +1) which ignores entries not on the diagonals, the matrix A induces a homomorphism
is a sequence of integer matrices. We define a right action Φ j of B GL(n1+1) × · · · × B GL(nj+1) on the product GL(n 1 + 1) × · · · × GL(n j + 1) by Then the following Bott tower
The line bundle ξ(c 1 , c 2 , 0) over F 1 is (GL(3) × C)/B GL(3) , where the right action of B GL(3) is defined by
Generic torus orbit closures in flag Bott manifolds
Let F m be an m-stage flag Bott manifold, and let H = H GL(n1+1) × · · · × H GL(nm+1) . As introduced in [KLSS17, §3.1], the canonical action of H on F j is defined to be
Then q j : F j → F j−1 is an H-equivariant fiber bundle. Note that this action is not effective. If we write h j = diag(h j,1 , . . . , h j,nj +1 ) ∈ GL(n j + 1), then the subtorus
n acts effectively on F m , where
In order to consider the closure of torus orbit with respect to the canonical action, we define a generic element in F m . Let g = (g ij ) be an element in GL(n+1). For an ordered sequence 1 ≤ i 1 < i 2 < · · · < i k ≤ n + 1, we define the Plücker coordinate
The above definition of generic elements and generic torus orbits can be found in [FH91] , [Kly95] , and [Dab96] . The closure X n of a generic torus orbit in the flag manifold F ℓ(n + 1) is a smooth projective toric variety called the permutohedral variety, see [Kly85] . We recall the fan Σ Xn ⊂ R n of the permutohedral variety X n for the later use. The rays in Σ Xn are parametrized by the nonempty proper subsets of [n + 1]:
More precisely, for a nonempty proper subset S of [n + 1], the corresponding ray ρ S is generated by
where {ε 1 , . . . , ε n } is the standard basis vector of R n . Hence there are 2 n+1 − 2 many rays in Σ Xn , see Figure 1 (1). And the maximal cones in Σ Xn are indexed by the set of proper chain of nonempty proper subsets of [n + 1]. For a given proper chain
of nonempty proper subsets, we have the corresponding maximal cone
Cone(u S1 , u S2 , . . . , u Sn ).
See Figure 1 (2). Therefore |Σ Xn (n)| = (n + 1)!.
(2) Maximal cones in ΣX 2 . Suppose that F m is an m-stage flag Bott manifold. Considering the effective canonical H-action, each fiber of a bundle F j → F j−1 has the restricted (C * ) njaction, and its orbit closure of a generic point is the permutohedral variety X nj . Hence the closure of a generic torus orbit of the torus H in F m is an iterated permutohedral varieties bundles. Now we describe the fan of a generic torus orbit closure in F m in the following theorem whose proof will be given in Section 4.
Theorem 3.2. Let F m be a flag Bott manifold determined by the sequence of integer matrices
n of a generic torus orbit closure X in F m is described as follows:
(1) the rays in Σ are parametrized by
For (ℓ, S), the corresponding ray is generated by
The maximal cones in Σ are indexed by the sequences of proper chains of subsets
, the corresponding maximal cone is defined to be
We notice that if F m is determined by the sequence of integer matrices such that each A Moreover the fan Σ has twelve maximal cones: To give a proof of Proposition 3.5, we use the following lemma: 
is ±1.
Proof of Proposition 3.5. Let Σ ∈ R n be the fan of a generic torus orbit closure X in F m described in Theorem 3.2. To prove the claim, it is enough to show that every maximal cones in Σ are smooth, i.e., the set of ray generators of each maximal Then the matrix in (3.2) is a block lower triangular matrix whose sizes of blocks are n 1 , . . . , n m . Moreover, diagonal blocks has the form in (3.1). Hence we have that the determinant of the matrix in (3.2) is
by Lemma 3.6. Here {u S ℓ 1 , . . . , u S ℓ n ℓ } is the set of ray generators of the maximal cone in the fan of the permutohedral variety X n ℓ indexed by the proper chain
Hence the non-singularity of X follows.
Since the ray vectors u ℓ S are determined independently of the choices of generic points, the fan of all generic torus orbit closures are identical. Therefore they are all isomorphic as smooth toric varieties. 
Proof of Theorem 3.2
In this section we prove Theorem 3.2 using the combinatorial structure of the fan of toric varieties bundles and tangential representations around fixed points. To describe the fan Σ of the torus orbit closure in F m , we first recall the following on equivariant fiber bundle of toric varieties: (1) ϕ : N → N ′ is surjective.
(2) There exists a lifting 
The above lemma proves that the combinatorial structure of the fan Σ is given as in Theorem 3.2(2). Now it is enough to show that the ray vectors are given as in Theorem 3.2(1). To complete the proof, we use the tangential representations around fixed points which have been computed in [KLSS17, §3] .
Let We note that there is a one-to-one correspondence relation between the set S n1+1 × · · · × S nm+1 and the sequences of chains of subsets {(S 
where s i is the transposition (i, i + 1) for 1 ≤ i ≤ n j and 1 ≤ j ≤ m. For a smooth projective toric variety X Σ of complex dimension n, the weights of the isotropy representations around fixed points and the ray generators are closely related to each other. Let ρ be a ray in Σ(1) with u ρ =: u 1 as its generating vector. Suppose that σ = Cone(u 1 , . . . , u n ) is a maximal cone containing ρ. Let τ 1 , . . . , τ n be the codimension-one faces of the cone σ. More precisely, we put τ j = Cone(u 1 , . . . ,û j , . . . , u n ).
Then τ 1 is the unique codimension-one face of σ which does not contain ρ. By the orbit-cone correspondence, these cones correspond to torus invariant spheres S 1 , . . . , S n in X Σ . Then these spheres meet at a point p ∈ X Σ which is exactly the fixed point corresponding σ. Suppose that w 1 , . . . , w n ∈ Lie(T) * are weights of the isotropy representation T p X Σ , where T is the compact torus of dimension n. Let H i be the identity component of the kernel of the map
Then, by reordering w 1 , . . . , w n appropriately, one can see that the sphere S i is the connected component of X 
The above lemma implies that the ray generators are completely determined by weights of isotropy representations around fixed points. Moreover, one can see that the computation of the ray generator u ρ is independent of the choice of a maximal cone containing ρ, see [KLSS17, Lemma 5.13].
We choose 1 ≤ ℓ ≤ m and a nonempty proper subset S of [n ℓ + 1]. To compute the generator u ℓ S of the ray ρ ℓ S , we consider a specific maximal cone σ
Then we choose a maximal cone σ 
is the matrix of size (n j + 1) × (n ℓ + 1) defined by
for 1 ≤ ℓ < j ≤ m, and B j is the row permutation matrix corresponding to v j , i.e.,
We note that the codimension-one face of the cone σ 
where t j = (t j,1 , . . . , t j,nj +1 ) ∈ (S 1 ) nj +1 , we regard
to compute the pairing (4.5).
To prove the claim, we separate cases as j < ℓ, j = ℓ, and j > ℓ. . More precisely, we have that
where 'other terms' are the terms of ε * p,k for p < ℓ and v ℓ,S is a permutation defined in (4.3). Since the vector u ℓ S is a linear combination of ε ℓ,1 , . . . , ε ℓ,n ℓ , . . . , ε m,1 , . . . , ε m,nm , we have
Because of the definition of permutation v ℓ,S , we have that v ℓ,S (i) ∈ S if and only if i ≥ d + 1. Therefore for the case when n ℓ + 1 / ∈ S, we have that the value (ε ℓ,v ℓ,S (i) ) * , u ℓ S equals to 0 if i ≤ d, and 1 otherwise. Also for the case when n ℓ + 1 ∈ S, we get that the pairing (ε ℓ,v ℓ,S (i) ) * , u ℓ S is −1 if i ≤ d and 0 otherwise.
By applying (4.6) for n ℓ + 1 / ∈ S, we have the following:
Similarly, when n ℓ + 1 ∈ S, we get the following:
Case 3 j > ℓ. The matrix X (ℓ) j in Proposition 4.4 is
Since v j = e for j = ℓ, the matrix X (j) ℓ can be written by
Moreover, we have that
(4.7)
For notational simplicity, we denote the ith row vector of the matrix X Subcase 1 n ℓ + 1 / ∈ S. In this case, we first note that 
